We predict that the collective excitations of an atomic array become entangled with the light of a high-finesse cavity mode when they are suitably coupled. This entanglement is of Einstein-Podolsky-Rosen type, it is robust against cavity losses and is a stationary property of the coupled system. It is generated when the atomic array is aligned along the cavity axis and driven transversally by a laser, when coherent scattering of photons into the cavity mode is suppressed because of phase-mismatching. We identify the parameter regimes under which entanglement is found and show that these are compatible with existing experimental setups.
I. INTRODUCTION
Entanglement is a quantum mechanical feature with no classical counterpart and is a central resource for emerging and future quantum technologies [1] . Entangled states were first introduced in the seminal paper by Einstein, Podolsky, and Rosen in the context of nonlocality of quantum mechanics [2] . In a continuous-variable setting, Einstein-PodolskyRosen (EPR) type of states are intimately connected with twomode squeezing [3, 4] , to the extent that the amount of noise reduction below the shot-noise limit can be used as an entanglement measure [5, 6] . Due to the relative simplicity in their generation and manipulation compared to entangled states in systems of discrete variables, continuous-variable entangled states are very attractive and play a key role in several protocols for quantum sensing [7] , quantum metrology [8, 9] , and quantum information processing and secure telecommunication [10] [11] [12] [13] [14] .
In the present work we analyze the generation of entanglement between the collective excitations of an atomic array and the mode of a high-finesse optical resonator, to which the atoms of the array couple. The setup we consider is sketched in Fig. 1 and is similar to the one realized experimentally in Ref. [15, 16] . We make use of the phase-matching properties due to the periodic order of the atomic medium in order to select the nonlinear optical process giving rise to non-degenerate parametric amplification [17] , whose entanglement can be tuned through the intensity and frequency of the laser that coherently drives the atoms. We show that this dynamics gives rise to EPR-type of states between dipolar collective excitations and the cavity field, whose entanglement is robust against cavity decay and spontaneous emission and is realized at the steady state of the interaction dynamics. This protocol can be instrumental for implementing continuousvariable quantum interfaces with atomic ensembles in optical resonators [18] , and provides an alternative to existing schemes based on hot atomic ensembles in free space [11] .
This work is organized as follows. In Sec. II we introduce
g j S † j a + H.c.
where δ c = ω c − ω p (ω z = ω 0 − ω p ) is the detuning between cavity (atomic transition) and laser frequency. The position r j of the atoms within the spatial-mode function of cavity and laser fields determines the interaction strengths g j and Ω j . For r j = (0, 0, z j ), with z j = jd, then g j = g cos(kz j + φ)
Ω j = Ω e ikz j cos Θ ,
with g the vacuum Rabi frequency, φ the phase mismatch between the atomic array and the cavity spatial mode function, Ω the laser Rabi frequency, and Θ the angle between the laser wave vector and the array axis. The wave vectors of laser and cavity field are here assumed to be equal, as their possible small difference has no effect on the results of our analysis. Depending on the geometry of the setup, the array can scatter photons coherently into the cavity mode when the von Laue (Bragg) condition is satisfied. In the presence of a sufficiently strong coupling (verified when the total cooperativity is larger than unity) this behavior can lead to saturation of the intra-cavity field due to interference [19] . Further interesting regimes are accessed when the geometry is so chosen, that coherent scattering into the cavity mode is suppressed. In this case the cavity field is solely pumped by inelastic processes; then, nonclassical light can be generated on demand by matching the reciprocal lattice vector G 0 = 2π/d of the array with a higher-order scattering process [20] [21] [22] .
B. Low-saturation limit
We now focus on the low saturation limit, and assume that the laser Rabi frequency is sufficiently weak so that Ω ≪ |ω z + i γ/2|, where γ is the atomic line width. In this limit the atoms are weakly excited, S † j S j ≪ 1, and the pseudo-spin operators can be expressed in terms of bosonic operators b j and b † j via the Holstein-Primakoff transformation [23] , here reported at first order in the saturation parameter s = Ω/ |ω z + i γ/2|:
with b j , b † ℓ = δ j,ℓ . The relevant spin dynamics is conveniently studied in Fourier space for the collective spin-wave operators
where the wave number is defined in the Brillouin zone q ∈ (− G 0 2 ,
It is convenient to write the wave numbers of cavity and laser in terms of quasi-momenta Q and Q ′ within the Brillouin zone, such that
with G, G ′ reciprocal lattice vectors [22] . In the following, we will focus on the limit in which the von Laue condition is not satisfied, which is formally expressed by the inequality Q ±Q ′ . This implies that the atomic array does not elastically scatter photons into the cavity field. Therefore, the cavity mode can only be populated via inelastic, higherorder photon scattering processes. We will choose Q ′ = G ′ for some reciprocal lattice vector G ′ , that is realized, for instance, when the laser wave vector is perpendicular to the cavity axis: Θ = π/2. We also assume that the atoms occupy the minima of an optical lattice with inter-particle distance d = λ/2, with λ = 2π/k the wavelength of the cavity mode. In this limit, at fourth order the modes which are coupled are the spin wave mode Q (that couples with the cavity field a) and the spin-wave modes Q and Q ′ (which are mutually coupled by four-photon processes). One can thus reduce the Hilbert space to these three modes. Following the procedure developed in Ref. [22] , the system Hamiltonian can be reduced to
where H (2) is a quadratic term,
withg = g cos(φ). The Hamiltonian term H (4) describes the inelastic processes in lowest order, and reads
is the frequency of the spin in the reference frame of the laser, which includes the dynamical Stark shift due to the interaction with the laser light. The third term on the right-hand-side (rhs) of Eq. (10) describes the linear interaction between spins and cavity and has strength
where the second term is the correction due to the non-linear interaction with the spin mode b Q ′ . The remaining three terms on the rhs of Eq. (10) originate solely from H (4) . The fourth term, with coefficient
describes fourth-order processes involving the cavity field and the spin wave mode b Q . Their strength is inversely proportional to √ N, and their effect is negligible for a sufficiently large number of atoms. Finally, the last two terms describe a parametric-amplifier type of dynamics and are nonvanishing only when the phase matching condition Q ′ = G ′ /2 holds. In detail, one term represents the squeezing of mode b Q and scales with the coefficient
while the non-degenerate parametric amplification of the spinwave b Q and of the cavity scales with the frequency
D. Incoherent dynamics
We next consider the open-system dynamics that is realized as soon as one includes dissipative processes. Dissipation arises from: (i) decay through the cavity mirrors at rate κ and (ii) spontaneous emission of the spin-wave mode Q at rate γ. These processes do not couple spin-wave modes among themselves nor with the cavity field. In the reduced Hilbert space of the cavity mode and of the spin-wave mode, whose state is described by the density matrix ̺, the system dynamics is governed by the master equation
where
Correspondingly, in the Heisenberg picture the HeisenbergLangevin equations of motion for operators a and b Q reaḋ
where a in and b in are the input-field operators, which are decorrelated from each other and have first and second moments
. The fields emitted by the cavity and by the atoms can be determined using the input-output formalism [28] , which relates the output field with the system and input-noise operators through the relations
Here we consider the situation in which the detuning of the laser from the atomic transition is much larger than the atomic line width, i.e., |ω z | ≫ γ/2. In this limit, the use of the effective Hamiltonian (10) in the master equation (14) is correct as long as the coherent rates α Q,a , α Q , and α BS are of the same order or larger than the dissipation rates κ, γ/2 [21, 22] .
E. Discussion
When the cavity mode is resonant with the driving field, i.e., δ c ∼ 0, the dynamics is dominated by the squeezing term in the rhs of Eq. (10). This case has been extensively discussed in Ref. [22] . Here, instead, we will consider the regime of parameters for which the dynamics is dominated by the non-degenerate parametric-amplifier type of interaction. This regime is found when the frequency of the pump is tuned between the spins and the cavity frequency, such that
and warrants that the Hamiltonian term proportional to α Q,a in Eq. (10) describes the coupling between resonant transitions, as long as the four-photon processes in (10) scaling with χ can be neglected. This requirement is satisfied when the number of atoms is sufficiently large. In this limit, the Hamiltonian becomes quadratic in the spin-wave and cavity mode operators b Q and a. We now discuss the validity of the low-saturation assumption, on which the effective dynamics in Eq. (15) is based. For this purpose we estimate the atomic excited state population for atom j, S † j S j ∼ b † j b j , and check when it is smaller than unity. This check is performed for all j = 1, . . . , N, where here
we first remind that mode b Q ′ is not directly coupled to the cavity and is only non-resonantly coupled with the other spinwave modes. Therefore, the populations of the spin-wave modes with Q ′′ Q is always very small. The spin-wave mode b Q , on the other hand, can be pumped by the non-linear processes in Eq. (10) . We then write
where in the last passage we have neglected the populations of the spin-wave modes with Q ′′ Q, Q ′ as well as correlations between spin modes. Using Eq. (9) in Eq. (20) , the latter can be reduced to the form
which is smaller than unity in the low saturation limit here assumed and provided that b † Q b Q ≪ N, as is the case.
III. GAUSSIAN DYNAMICS, TWO-MODE SQUEEZING, AND ENTANGLEMENT
We are interested in identifying the parameter regimes for which the spin-wave and the cavity mode are two-mode squeezed by the coupled dynamics described by Hamiltonian (10) . The figure of merit by which we characterize the quantum correlations between the two modes is the logarithmic negativity, a measure of bipartite entanglement for Gaussian states that stems directly from the positive partial transpose (PPT) criterion of separability [6, 24, 25] . In general, the dynamics described by the effective Hamiltonian (10) is not Gaussian, due to the four-photon processes occurring at rate χ. On the other hand, for a sufficiently large number of atoms N and small number of excitations, these processes are negligible in comparison with the other terms in Eq. (10) and the Hamiltonian is approximated by a quadratic form in the field operators. In this limit, master equation (14) preserves Gaussianity, and complete information about the system is contained in the equations for the first-and second moments of the field operators [6] .
In this section we analyze the limit in which the four-photon processes are negligible, and we introduce the physical quantities that we are going to evaluate, such as the logarithmic negativity and the spectrum of two-mode squeezing. We also analyze the conditions under which the dynamics is equivalent to the one of a parametric amplifier. These analytical studies provide a basis for identifying the regimes of parameters for which two-mode squeezing and bipartite entanglement are expected to arise. These are the regimes that we are going to consider when integrating master equation (15) .
A. Gaussian dynamics and covariance matrix
We first implement a compact representation of the Heisenberg-Langevin equations by introducing the vectors of operators
such that the Heisenberg-Langevin equations (16)- (17) can be cast in the formȧ
Here, Z = Z 0 + Z 1 , with
and Q is a diagonal matrix with elements
For later convenience we also introduce the quadrature operators 
We further introduce the covariance matrix C, defined as
Using Eqs. (16) and (17) we find the equations for the first moment a as well as for the second moments,
corresponding to the elements of the correlation matrix A = a a T . Their equations of motion read
Solving the equations of motion for a and A gives the full characterization of the system dynamics, provided the initial state is Gaussian. In particular, from a and A one finds the covariance matrix at all instants of time, since using Eq. (25) it can be cast in the form
B. Non-degenerate parametric amplification
Our purpose is to identify the regime of parameters of the coherent dynamics where the latter can be characterized as non-degenerate parametric amplification. We thus analyze the matrix Z 0 , which determines the coherent dynamics in the Gaussian limit. Its eigenvalues read
with
Here, Λ 1 > 0. In fact, the model we have derived is based on the assumption that the frequencies δ c and δ b are the largest parameters (being |δ c |, |δ b | ∼ |ω z |/2), and such that
The frequencies characterizing the eigenvalues are the frequencies of the normal modes and are given in leading order by
so that the splitting between the normal modes is of the order of |δ b − δ c |.
With these results at hand it is possible to distinguish two regimes: One is found when the eigenvalues are purely imaginary, namely, for Λ 2 > 0. In this case the dynamics is periodic in time. When instead Λ 2 < 0, all four eigenvalues have a real part and the total number of excitations can increase with time. In detail, after expanding in first order in the parameter
Parametric amplification is here found for |2α Qa | > |δ b + δ c |. Let now Λ 2 < 0, at leading order in 1/Λ 1 , the real part of the eigenvalues in Eq. (29) 
If one now also considers the dissipative processes and takes for convenience κ = γ/2, the result is modified by adding a real term equal to −κ to each eigenvalue. In analogy with the physics of the parametric oscillator [26] [27] [28] the dissipative dynamics of our gaussian model is characterized by a threshold value for the strength of the non-linearities above which the populations of the modes diverge. Specifically parametric amplification is below or above threshold depending on whether 1 2 √ |Λ 2 | /Λ 1 is smaller or larger than κ. The expressions become more involved when γ 2κ, and their analytical study does not provide further insight for our purposes so that we refer the interested reader to the work in Refs. [26, 27] . We remark that above and close to the threshold, the validity of our gaussian model is questionable. Indeed, when the population of the spin wave mode is too large the four-photon process are not negligible and, more in general, the low saturation expansion can fail as discussed in Sec. II E. In the following, when including dissipation, we will focus on the regime in which the system operates below threshold, so that a stationary state of the dynamics can be determined.
C. Two-mode squeezing
Non-degenerate parametric amplification is known to generate two-mode squeezing. The Hamiltonian in Eq. (10), however, contains further terms which can compete against the dynamics dictated by the parametric-amplifier term even after setting χ = 0. In this paper we analyze the conditions and parameters for which two-mode squeezing between the cavity and the spin-wave modes is found.
The system is said to be two-mode squeezed when the minimum of the variance ∆X t (θ a , θ b ) of the composite quadrature
is below the shot-noise limit for some angles θ a and θ b . Thus, given
the condition for two-mode squeezing can be summarized by the inequality
where the expectation values are taken over the density matrix of the composite system at time t = 0 and the shot-noise limit is unity from the definition in Eq. (33) . This condition can be fulfilled at some instants of time and/or at asymptotic times of the dynamics. In this latter case two-mode squeezing is a property of the stationary state and can be experimentally revealed by analyzing the spectrum of squeezing of the fields emitted by the atoms and by the cavity field. Let us assume that the field spontaneously emitted by the atoms can be efficiently collected, such as by means of an additional cavity [18] . This would allow one to perform balanced heterodyne detection using two local oscillators at frequencies ω LOa and ω LOb , interfering with the cavity and the atoms output fields, respectively, at a beam splitter [3] . We denote the output field containing the information on the spin mode by b (d) out , where the superscript (d) indicates that the detected output fields can be a fraction of the total emitted field at time t due to the finite detector collection efficiency. We also denote by a (d) out the field at the cavity output which can be collected at the corresponding detector and consider the composite quadrature of the output fields which are ideally measured at the detector,
where ∆ a = ω LOa − ω p and ∆ b = ω LOb − ω p indicate the frequencies of the local oscillators relative to the driving laser frequency, while θ a and θ b are the local oscillators phases which can be independently adjusted. The Fourier transform of the fluctuations of the difference photocurrent induced at the detectors (here weighted by the real parameter ξ) gives the spectrum of squeezing, which is defined as [28] 
Here, the expectation values are taken over the density matrix of the system at steady state and we have used that X
A detailed calculation of the spectrum of squeezing is reported in the Appendix.
In the form given in Eq. (37), the squeezing spectrum depends on the parameter ξ. This parameter has to be varied in order to check whether for some ξ the inequality is satisfied:
which is a necessary and sufficient condition for entanglement of Gaussian states [29] . We now comment on the finite collection efficiency at the detectors. Here, it is introduced by means of the detected output fields a 
where a 
where κ ′ = η a κ and γ ′ = η b γ, with 0 ≤ η a , η b ≤ 1 the collection efficiencies, while κ ′′ = κ(1−η a ) and γ ′′ = γ(1−η b ). Since detected and non-detected modes are here orthogonal (they possess, for instance, different directions of propagation), the corresponding input and output field operators are uncorrelated one from the other. In detail, a 
D. Logarithmic negativity
Two-mode squeezing and entanglement are two related features [3, 27] . In fact, for symmetric states the variance of the quadrature ∆X can be used to construct entanglement measures [6] . In our case, the two modes are not symmetric and the corresponding composite quadratures can be set in direct relation with entanglement after an appropriate redefinition, in which the quadrature of each field is scaled by different weights, here introduced by means of the parameter ξ in the composite quadrature (36) . In the next section we also resort to the logarithmic negativity in order to quantify the amount of entanglement shared by atoms and light.
The logarithmic negativity E N is the logarithm of the trace norm of the partial transpose ρ T A of a density matrix ρ of a bipartite system, where transposition is performed with respect to one subsystem [30, 31] . It reads E N = log 2 ρ T A and for a Gaussian states it can be expressed in terms of the elements of the covariance matrix by [6] 
where ν − is the smallest symplectic eigenvalue of the partially transposed covariance matrix 
performing the partial transposition, which is here realized by the mirror reflection p a → −p a [32] . Cavity and spinwave modes are entangled when E N is non-zero, namely when ν − < 1. The actual value of ν − < 1 quantifies the bipartite entanglement of Gaussian states. In the next section we will report curves corresponding to the values of E N obtained from Eq. (42) by the symplectic diagonalization ofC, after evaluating the corresponding covariance matrix at a given time.
IV. RESULTS
In this section we study the system dynamics by numerical integration of master equation (14) and we identify the regimes in which light and collective atomic modes are efficiently two-mode squeezed and entangled, assuming that the initial input state is the vacuum state for both cavity and spinwave modes.
In order to gain insight into the dynamics, we first neglect dissipative processes and thus set γ = κ = 0 in Eq. (14) . Our aim is to identify the regime of parameters for which the dynamics is Gaussian. This occurs when we can neglect the term scaled by the factor χ, which represents a four-photon process involving three spin-wave and one cavity excitations. We thus compare the predictions of the dynamics governed by the full effective Hamiltonian (10) (solid lines in the plots) with the ones found when the four-photon process in H eff is discarded (dashed lines). In particular, we evaluate the time evolution of the logarithmic negativity E N , Eq. (42), the minimum of the composite quadrature as in Eq. (35) , and the number of excitations per mode, namely,
The number of excitations per mode, in particular, serves as a check of validity of the Holstein-Primakoff expansion, that is at the basis of our treatment. Figure 2 reports the time-dependent behaviour of the minimum variance of the composite quadrature, of the population of the field modes n a (t), n b (t), and of the logarithmic negativity E N (t), when dissipation is discarded and the detunings are so chosen that the dynamics is either periodic (upper row) or characterized by parametric amplification (lower row). In the first case the eigenvalues in Eq. (29) are purely imaginary (Λ 2 > 0 in Eq. (31)). When the four-photon processes scaled by χ in Eq. (10) are neglected, the populations of the two modes (and correspondingly also two-mode squeezing and entanglement) oscillate in time. The choice of the parameter is such that the discrepancy between the results which do not include and which include the χ nonlinearity become evident as the occupation number per mode increases. On average, the effect of the four-photon-process term is to increase the minimum variance and to decrease the mean occupation per mode. This is easily understood since the χ nonlinearity scales with n b and makes the spectrum of excitations anharmonic, thus leading to a reduction in the absorption of laser photons.
The curves plotted in the lower row correspond to the case in which there is parametric amplification: The parameters are such that Λ 2 < 0 in Eq. (31) . The effect of the χ-nonlinearity is visible after a transient time, in which the mode occupation n b has increased: It brings the minimum variance above the shot-noise limit, while it reduces the mode occupation, damping the energy stored in the system. The nonvanishing logarithmic negativity, in this case, indicates the presence of some entanglement in the system for certain time intervals, but the precise characterization and quantification of such entanglement is problematic, as the dynamics is now non-Gaussian and the simple theorems valid for the Gaussian case do not hold.
The relative weight of the non-Gaussian term is progressively reduced as the number of atoms and the Rabi frequency of the transverse laser are increased. Indeed, from Eqs. (13) and (11) we see that the weight of the scaling parameter α Q,a , that governs the term giving rise to two-mode squeezing, is increased. On the contrary, the nonlinearity χ ∝ 1/ √ N and is thus suppressed as N increases. The corresponding behaviors are reported in Fig. 3 , where each row corresponds to different values of the detuning δ c , such that in the first two rows there is no amplification, being the eigenvalues imaginary (Λ 2 > 0), while in the bottom row the dynamics approaches that of a parametric amplifier. Comparison between the Gaussian and the full non-Gaussian dynamics shows that the χ-nonlinearity is not relevant, even though small discrepancies are observed at sufficiently long times. The evolution in the regime of parametric amplification is analyzed over a reduced interval, due to the limited numerical capabilities in simulating the dynamics for large occupations. Over times of the order of 0.5g −1 we observe reduction of the minimum variance down to less than 10% of the shot-noise limit, while the logarithmic negativity increases till E N ∼ 4. These results show that in a transient time, which can be shorter than the typical dissipation rates, spins and cavity mode can become entangled. A laser pulse driving the system over this time scale could thus lead to twomode squeezing of the cavity and atomic degrees of freedom.
We now analyze the effect of dissipation and identify those regimes of parameters for which two-mode squeezing and entanglement are found in the asymptotic limit of the dynamics. The parameters we choose are those for which the dynamics can be considered Gaussian, paying attention to the fact that the parametric amplifier is below threshold: under this latter condition we can warrant that the approximations at the basis of our treatment are satisfied, so that the steady state we find is consistently described by master equation (14) . The parameters for the coherent dynamics are here the same as in the bottom row of Fig. 3 , where parametric amplification is found. We remark that the stationary state is determined after discarding the χ nonlinearity in Hamiltonian (10) . Figure 4 displays the variance minimum, the mean occupation per mode, and the logarithmic negativity at steady state as a function of the dissipation rates. In the top row we set Fig. 4 , where now the quantities are plotted as a function of δ c for κ = 2.5g and γ = 5g (top row), γ = 15g (bottom row). κ = γ/2 and vary them simultaneously. Correspondingly, the single-atom cooperativity is C = (g/κ) 2 and thus decreases with κ −2 as κ and γ are increased. For comparison, the bottom row corresponds to the case in which only γ is varied, while κ is kept fix at the value κ = 5g. The single-atom cooperativity in this case decreases with C = g/(5γ/2) as γ is increased.
We first discuss the plots in the upper row of Fig. 4 , in which the decay rates are varied simultaneously. Here, we observe a monotonous behaviour as γ and κ are increased starting from the threshold value (indicated by the vertical line): The variance of the composite quadrature increases while entanglement decreases, showing that two-mode squeezing and entanglement are reduced because of dissipation. The occupation of both modes takes large values close to threshold, for which the validity of the Gaussian dynamics is questionable. In the bottom row, where only the effective radiative decay of the dipolar excitation is varied, the minimum variance exhibits a minimum away from threshold, where the occupation per mode is small. Correspondingly, the logarithmic negativity exhibits a maximum. This maximum occurs for values at which γ κ, and shows that asymmetric decay rates can be advantageous for maximizing entanglement. We note that, for γ = 2κ and close to threshold, the minimum variance is slightly smaller than the minimum value 0.5 of a parametric amplifier below threshold [26] . This behaviour is due to the effect of the squeezing term at strength α Q in Hamiltonian (10), as one can check by performing a numerical simulation in which this term is neglected. Figure 5 shows that two-mode squeezing is found when the detuning δ c is equal to −δ b for the cases γ = 2κ, 6κ. In both cases the minimum is, as expected, at the resonance δ c = −δ b . It is interesting to observe that the variance is below the shotnoise limit for a wide range of values, and correspondingly spins and light are entangled.
We now focus on the results for the regime of parameters investigated in recent cavity QED experiments [33] , where (g, κ, γ/2)/2π ≃ (0.4, 1, 3) MHz, falling in the range of parameters considered in the bottom row of Fig. 5 . For these parameters and N = 1000 atoms we report the spectrum of squeezing in Fig. 6(a) for different detectors collection efficiencies. The corresponding condition of entanglement is displayed in subplot (b), while the logarithmic negativity of the covariance matrix is reported in (c). This plot shows that for finite collection efficiency some entanglement is still present in the emitted fields, the reduction is determined by the collection efficiency. We remark that in these figures we have optimized the values of θ a , θ b , ξ and refer the reader to the appendix for further details.
Finally, we analyze the entanglement as a function of the cooperativity, which increases linearly with number of atoms. Figure 7 shows the behaviour of minimum variance of the composite quadrature, occupation of the modes, and logarithmic negativity as the number of atoms N is increased (corresponding to a linear increase of the N-atom cooperativity). Two-mode squeezing and entanglement increase with N but seem to saturate, while the occupation of the modes increase exponentially. We note that, the larger is N, the better the dynamics is approximated by a Gaussian model. In other words, non-Gaussian effects become evident at small atom numbers. 
V. CONCLUSIONS
A collective spin mode of an array of atoms, strongly coupled to the mode of an optical cavity and driven by a transverse laser, can become entangled with the cavity field. This entanglement is robust against dissipation and is present at the steady-state of the dynamics. It relies on a phase-matching condition between the cavity wavelength and the inter-particle spacing within the atomic array. We have restricted our analysis to the limit in which nonlinear contributions, giving rise to non-Gaussian elements of the dynamics, can be neglected. In this limit we could determine analytically the spectrum of the squeezing and put it in a precise relation to the entanglement by exploiting the exact general results holding for the logarithmic negativity in the case of Gaussian states. In this way we were able to quantify the amount of entanglement generated between spins and cavity field. Non-Gaussianity, on the other hand, can be an important resource for quantum information protocols with continuous variables, especially for tasks, like entanglement distillation and measurement-based quantum computation, that cannot be achieved within a purely Gaussian framework. Indeed, the system that we have considered can be tuned well into the non-Gaussian regime by suitably choices of the coupling parameters. In this case, the entanglement which is generated can be quantified by means of multiple quantities, including operational ones such as for instance the teleportation fidelity [34] [35] [36] [37] [38] , and geometric ones such as the degree of non-Gaussianity as measured by the distance or the relative entropy from a reference Gaussian state [39] , and the affinity of a non-Gaussian resource state with respect to a reference two-mode squeezed vacuum [36, 40] .
The results that we have obtained correspond to experimentally accessible parameters [33] and in agreement with the reduction of quadrature fluctuations at steady state, as predicted for hot atomic ensembles and optical depths of the or-der of 30 [41] . Therefore, one can consider atomic arrays in resonators as valid platforms for the realization of steadystate entanglement between collective atomic spins and light, constituting a tunable alternative to hot atomic ensembles in cells [41, 42] . We further observe that in our analysis we neglected the motion of the atoms inside the resonator, assuming that the atoms are tightly trapped in the minima of the optical lattice. The coupling with these degrees of freedom has been analyzed in a similar setting as a function of the spatial localization [21] . At the same time, it can be considered a further degree of freedom which can be interfaced with light, in the spirit of various previous proposals [18, 43] .
Finally, it would be interesting to extend the present scheme by replacing the laser with an incoherent, nonclassical and entangled, squeezed bath. Recent works on similar setups, in fact, predict maximal entanglement transfer between qubits and continuous variables as well as indefinite, scale-free replication of the entanglement present in the nonclassical driving field [44, 45] . For calculating the spectrum of squeezing we consider the equations of motion in Fourier space. Letζ(ω) be the Fourier transform at frequency ω of the field
We first note that, according to this definition, [ζ(ω)] † = ζ † (−ω). The corresponding vector of operators is related to the vector a(t) by the Fourier transform
We further denote byã in ℓ (ω) andã out ℓ (ω), with ℓ ∈ {d, nd}, the Fourier transform of a in
out (t) , respectively. The Heisenberg-Langevin equations (40) in Fourier space read The spectrum of the correlation matrix for the output field, whose elements are The two-mode squeezing spectrum, is obtained by integrating the corresponding two-frequency correlation function ∆X The plots in Fig. 6 (a) and (b) have been evaluated using this expression and for the values of the parameters θ a , θ b and ξ that minimize the squeezing spectrum and the entanglement criterion in Eq. (38) . These values are reported in Fig. 8 . They depend on ω, therefore these curves can be experimentally obtained by sampling the squeezing spectra for different values of ξ.
The corresponding logarithmic negativity is reported in Fig. 6 (c) . It has been evaluated using the correlation matrix for the detected field operators at frequency ω, whose elements are A (∆) (ω, ω ′ ) In particular, the matrix A (∆) (ω, ω ′ ) is given by 
